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Geographically Weighted Regression for Compositional Data
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Abstract: This study builds a bridge between the literatures for geographically weighted regression
(GWR) and compositional data analysis (CoDA). GWR allows the modeling of spatial heterogeneity in
regression models and is increasingly used in various fields. CoDA provides unique and useful tools for
compositional data, which are restricted by a constant-sum constraint. In this study, we propose a GWR
model for compositional data, which we term GWRCoDa. It allows us to model spatially varying
relationships with considering the constant-sum constraint. We apply this model to analyze household
income compositions at the county-level in the US. The spatial varying compositional semi-elasticities
are also proposed, and its interpretational usefulness is empirically suggested.
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AT FBNT, #eaZHDS D-parts D CoDa D
BHhEEZD. ZoLE, SPITBIT D GWR
(GWRCoDa) 1FR(16) THET Z &N TS -

K+1

= @(xi.k O] (Bi)k) D¢, (16)

k=1

22T, ¥, Bk, §€S?, 3, ERTH D.
GWRCoDa D /37 A —X ZHEET H72DI2i%, B
oK) & IF’HEJE’JQ%T@%%F%é‘éM\%#% 5.

FT, EEFHNEZET 5720, (12D LI



ilr 2848 (X 10) 2479, ilr 2% D GWRCoDa I
KA TERT ZENTED.
K+1
O = Z (xi,k , (Bi*(z))k) +50, a7
k=1

ZIT, mxF T - DAD B EIFET LD
FIZFEHTHHZ LHRT.

T, ZEMEEMEEBET D, il BROERME
X0, LA6)DFEZE u; € SPO F AT (18) THT
ZEMTEDZ NG, ZORMEIZ(D — 1)AD[E]
JET N OEREAEINCEIME LTS AIZE L
L. LIzmioT, KEIFET VEMSLITH H 2 &7
AREL 720, 55 SEICHEHE L7- GWR B LUV LOOCV
ZINLIZ(D — DEIFEATT H 2 & TRT A—ZHEE
EEEDLZENTES.

2
ZnuinA
i=1
n

=2,

=1

yiea[(—l)@@(xi,komi)k) )

n D-1

leu =) Z(g*@)

i=1 Il=
Bl F/HDONRT A—H Lo R, K(13),15) &
FERICEL Z &nTcE s (K19,20) :
BV = [X'G,(p®)X] ' X'Gi(p®)y O, (19)

2

K+1
= z< = Z (s (B )). (20)

UEXY, =2—27 Uy NERIZBIT S GWR O/N7
A=K EFRENELND . TSRS RS (X
10) #1795 Z & T, AZEHORmHE M KX21) &

TR y, ZEHT 5 LA TEX S (Egozcueetal.,

2011, Morais et al., 2018) .

Semi elasticity; ,,,

1 (Yi,mln((ﬁi)k,m))) Yim-
(21)

= (ln((ﬁi)k,m) — Y=

5. S~ DIGH

5.1. A

ARHiTlE GWRCoDa % K [E D ERHAL DO HATFT 5T
—% (2017 4F) (M T 5. o TiE, HiEEpg e
HMEZ RO T T AWM ENT A MEERN .
TN A XL 3,108 ThDH. B EL (CoDa)
I, @ 12 B H oWHEFTFIZIS CC, 75,000 RV
F (High-Income), 35,000 R/L726 75,000 K /LoD
(Middle-Income), 35,000 K/VLLF (Low-Income)
O 3EEOMHEEILRE LiZ. K 1ITEET —4% 0
3 WICHURZER] O AR Td 5. HUIm) 7222 [ 5E
PWaEBLET D20, KEWNAEOEHE TH S New
York & (==—a—27 M), AFTaEEICAET
% ElPaso BB (7 2% 2N), ENLARENIZALE L H
SR DSRE AU 72 Park BR (VA A 7M) ZH0 k
F5 (K2). BAEKICE, PATESGE - REEO
e (Univ), FlnOHIE (Age), I L OWEEENE
S ChHLIEFEEDOLE (Eng) & L. FEK
%, #FtY 7 b R O tidycensus 7N 77— U HUUE
L.

High-Income

New York county, NY

Park county, WY

El Paso county, TX

Low-Income Middle-Income

X 1. FrisPsE s iR & o = A X

Low-Income Middle-Income High-Income

_X o 1000 0.0 200 40.0 600 800 1000
. | ol — o

%] 2: PR E l i 2 | & o Z2 R 0 AT



52. FER

HEE ST w2 X 3 1R (M,
ARBAZEEE AN 1 AN L 72 & & OWRRRAZS S O k%t
A bR A Rd. BRIV Z 212, CoDa DREIFET
TN TIE, AR ORI EOF 23 0 Th
D78, BER DR R DO EHENNIRIRT 5
TENTED. Io& 2, #METd 5 New York Al
O Univ.7d 1 B8N L7254, @&k R
+0.513%, AT LR IE-0.256%, KPTAEERIT-
0.257%& 72~ 7=, [AERIZ, ElPaso A CTiE, @A
F13+0.509%, FETEFLLERIT-0.066%, AT T
—0.443%CTdH V), Park AFTIE, EATAEEITH0.282%,
PR ERIT-0.151%, RATSEEERIT-0.131% TH -
7=. New York #BOAKFTE LLRIZHT 2 Univ. DR
Y, Park A& b~ 2 TH o7~ 3 DRI
PEDZERIAT > S 1F, BRI R & TaEFI2 B8V T,
Univ. WEPHSEERICEOREL 525 2 L &R
LTS, INHOHMIRIZITZ DFRTA NI T—
EEMBEDEA TSI, ZOFERITRY &
Wz 5.

X 41, FHURIZEWT, SAEKOME LS
iz b TR EIE RN EOREZTDHONET
WHERIZE > TORLELOTHS. KLY, Wih
DOHIFICIBNT S, Unive (XSS EERICIED R
HoZ b, BT New York ERIZR VTt
WIEDBMRR &V, AN —E & RE LT-HE,
Univ. s 8% 5 10%FREE & 70 2% L KBLH e TS e
DEALT D, Age & Eng |FHBR = & (2872 5 28 b
& — %" d. New York BTl Age D4 AT HusE~
DT 10%AM TIREED LRV DIZX L, Age
DA% &, El Paso R CIRRATEE LLE A HIEIC
WAL, Park AR CIFFEEAIITHINNT 5. Z OFERIL,
Park ARIZEI DIKFTIFLERA~D Age DFEN i
WICHARTEIVEETHLZ EE2RBL TS, A
#RIZ, New York £RIZIT D Eng DEFTGHLE~D
HENTIFITE D WO IZxf L, ElPaso, Park D]
S CIIE TSR NN 5. F£7-, Park R TI,
IR LER DB LT . 2 OfERIE,
Park ABCIE, IRPTG&EHEEL NS, @fG&EHEs
LT D7 DIT Eng WEHETHDZ EE2RETH.

Low-Income Middle-Income

Iligh-Income

: e \‘\
oy | .

3: RSP ZERR AT

100 !

1 = High-Income !
801 == Middle-Income s
0] == LowIncome !

1
I
5 % L 0
1 Observefl L
« | value F ! o
30 30 + )
'
; ——— e I
10 . 0 e — o —————
S— fme—
o 0 a °
[3 10 ] 0 40 20 0 40 50 60 %0 0
il Age Eng.

Predicted probabilities

i 1
: " :
H e :
: X :
: ® :
// i %
: :

H L
6 10 20 30 40 0 30 40 80 60 ) S5 100
Age Eng.

Park county, WY

Predicted probabilities
8 2
/
cubmmmm-d- Lttt i b
/
3 B 83 88
\

X 4: FRIFEROEL (KRBT, 5RO
AR R BINE O oM,  IRIE] O & T2k
S, ZFOMMOFBAZEEI I EROBLIE CREE)

6. BHYIZ

AW TIE, ZEEOLENLRDMET —2 D
723D GWR & LT, CoDA Dxi¥bb 2t 442
L, EERHIR & 22/ B M4 % 58 Al HE e
GWRCoDA % Bi% L7-. Ziva KE OFTHHEER1 0D



HH LR O OHTICEH Lz, ZO/RENS, AL
BORBIMEEFRRO LT WE TR A F — 2 &
EBITRT T ENTE, FoTHlMERN AR
AR HN B U 72355 O TR LR O 2 L a2 kT
ZEINTE.

A2 7- 1, ROIS-DS-JOINT (003RP2020), JSPS
BHFE (17K18554, 18H03628) DB A% 1T 7~.

S35 3R
Aitchison, J. (1982) The statistical analysis of
compositional data. Journal of the Royal Statistical
Society: Series B (Methodological), 44 (2), 139-160.
(1986) The Statistical Analysis of

Compositional Data. London: Chapman & Hall.

Aitchison, J.

Aitchison, J. (1992) On criteria for measures of
compositional difference. Mathematical Geology, 24(4),
365-379.

Atkinson, P.M., German, S.E., Sear, D.A., and Clark, M.J.
(2003) Exploring the relations between riverbank
erosion and geomorphological controls using

geographically

Geographical Analysis, 35 (1), 58-82.

Brunsdon, C., Fotheringham, A.S., and Charlton, M.E.

weighted  logistic  regression.

(1996) Geographically weighted regression: a method
for exploring spatial nonstationarity. Geographical
Analysis, 28 (4), 281-298.

da Silva, A.R. and Lima, A.D.O. (2017) Geographically
weighted beta regression. Spatial Statistics, 21,279-303.

da Silva, AR. and Rodrigues, T.C.V. (2013)
Geographically ~ weighted  negative  binomial
regression—incorporating overdispersion. Statistics and
Computing, 24, 769-783.

Egozcue, J.J., Daunis-i-Estadella, P., Pawlowsky-Glahn,
V., Hron, K., and Filzmoser, P. (2011) Simplicial
regression. The normal model. Journal of Applied
Probability and Statistics, 6 (1-2), 87-108.

Egozcue, J.J., Pawlowsky-Glahn, V., Mateu-Figueras, G.,

and Barcelo-Vidal, C. (2003) Isometric logratio

transformations for compositional data analysis.
Mathematical Geology, 35 (3), 279-300.

Filzmoser, P., Hron, K., and Templ, M. (2018) Applied
Compositional Data Analysis. Cham: Springer.

Fiserova, E. and Hron, K. (2011) On the interpretation of
orthonormal coordinates for compositional data.
Mathematical Geosciences, 43 (4), 455—468.

Fotheringham, A.S., Charlton, M., and Brunsdon, C.
(1996) The geography of parameter space: an
investigation of spatial non-stationarity. International
Journal of Geographical Information Systems, 10 (5),
605-627.

Morais, J., Thomas-Agnan, C., and Simioni, M. (2018)
Interpretation of explanatory variables impacts in
compositional regression models. Austrian Journal of
Statistics, 47 (5), 1-25.

Murakami, D., Tsutsumida, N., Yoshida, T., Nakaya, T.,
and Lu, B. (2020) Scalable GWR: A linear-time
algorithm for large-scale geographically weighted
regression with polynomial kernels. Annals of the
American Association of Geographers, in press.

Nakaya, T., Fotheringham, A.S., Brunsdon, C., and
Charlton, M. (2005) Geographically weighted Poisson
regression for disease association mapping. Statistics in
Medicine, 24 (17), 2695-2717.

Pawlowsky-Glahn, V., Egozcue, J.J., and Tolosana-
Delgado, R. (2015) Modelling and Analysis of
Compositional Data. Chichester, UK: John Wiley &

Sons.



